An important feature of some modern facilities (such as optimized stellarators) with low shear is that the value of their rotational transform is close to a rational number. If a mode helicity is close to the rotational transform of the background magnetic field, the Alfvén continuum frequency can lie in the range of the diamagnetic frequencies of the background electrons. An analytical analysis shows that if the local electron diamagnetic frequency curve crosses the Alfvén continuum from above as one proceeds from the axis to the plasma edge at a radial location relatively distant from the axis, a family of unstable drift-kinetic Aflvén modes (DKAEs) arises due to the coupling between the drift and Alfvén waves having same poloidal numbers. The coupling is mediated by the parallel electric field and the mode is destabilized due to parallel resonances. The mode growth rate can be relatively large and comparable to the real part of the mode frequency. The growth rate peaks at a small radial number, so that the most unstable mode can appear global and be confused with the magnetohydrodynamic (MHD) modes which can occur in this part of the spectrum. It follows that it is important to consider the diamagnetic effects and finite parallel electric field, which are frequently neglected for such phenomena in tokamaks, when studying Alfvén phenomena in the lowest part of the electromagnetic spectrum in optimized stellarators.
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I. INTRODUCTION
A large number of the experimental data in partially and fully optimized stellarator facilities indicates unstable modes in the lowest part of the Alfvénic spectrum (e.g., Refs. [1] , [2] , [3] ). It is therefore important to understand which varieties of electromagnetic modes can in principle exist there and whether they can become unstable.
A salient feature of a number of existing or planned modern stellarator facilities is the low shear of the rotational transform of the magnetic field to avoid low order resonant rational surfaces and thus suppress formation of magnetic islands and undesirable magnetohydrodynamic (MHD) activity. In such facilities the value of the rotational transform is close to a low order rational number in the entire radial domain. It follows that the shear Alfvén continuum of a mode with helicity close to the rotational transform can lie in the range of very small frequencies, comparable to the local diamagnetic frequencies of the background species. One may assume then that shear Alfvén waves and drift waves can strongly interact with each other through the parallel electric field at the locations where their local frequencies match, giving rise to drift-kinetic Alfvén modes (DKAEs) ( [4] ). Since the sign of the energy transfer in the parallel Landau resonant wave-particle interaction is determined by the sign of the factor ω * /ω − 1, where ω * is diamagnetic frequency of a background species, such a mode can become unstable when the condition ω * > ω holds in a significant part of a plasma. Therefore, such a mode is, generally speaking, non-perturbative, because its existence and growth are brought about by the same kinetic effects connected to the parallel electric field.
In this paper we perform a local analysis of the DKAE with helicity close to the rotational transform in an inhomogeneous plasma of an optimized stellarator. The DKAE considered here is produced by coupling between the shear Alfvén wave and the electron drift wave having the same poloidal numbers determined by the closeness of the mode helicities to the rotational transform. The paper is organized as follows: in Sec. II we derive equations governing the shear-Alfvén dynamics with the parallel electric field taken into account, which enables us to describe the coupling between shear-Alfvén and drift modes with the same mode numbers and to justify the neglect of the sideband response for the modes in question, in Sec. III we study the equations of Sec. II in the vicinity of a point where the shear Alfvén continuum and the local electron diamagnetic drift frequencies match, we demonstrate that there exist unstable DKAEs with the real part of the frequency lying above the minimum of the shear Alfvén continuum and the growth rate comparable to the real frequency, in Sec. IV we verify predictions of the local analysis of Sec. III with numerical solution of the general equations of Sec. II for a case with parameters relevant to the Helically Symmetric Experiment (HSX, see Ref. [5] ), and in Sec. V we draw conclusions.
II. SHEAR ALFVÉN DYNAMICS WITH FINITE PARALLEL ELECTRIC FIELD
To derive the equations governing the low-frequency shear Alfvén dynamics in a toroidal plasma with finite E taken into account, we start from the the ansatz of a plasma with low beta (β m e /m i , where
is the ratio between the kinetic and magnetic pressures), hot electrons and cold ions (T e T i ). We consider a background plasma with nonuniform density but constant temperature. The analysis conducted in this paper can easily be generalized to the case when both density and temperature have radial profiles.
The distribution function of the background plasma is assumed to be Maxwellian. For the mode of interest the mode numbers satisfy mι − n 1.
We employ magnetic Boozer coordinates (ψ, θ, φ) (Ref. [6] ) to represent the magnetic field, neglecting B ψ , which is related to Pfirsch-Schlüter current and generated by the pressure effects (B ψ /B φ = O(β) [7] , where B φ ≡ BR 0 = const ). Further, similarly to Ref. [8] , one
, where a/R 0 is the "average" aspect ratio, B 
)/2 with κ the elongation,
, and the other components being smaller by factor of order O(a 2 /R 2 0 ) (Ref. [8] ). As a first step, this paper considers only interaction of the drift-kinetic Alfvén modes with well-circulating particles, the trapped particle contribution being the subject of a separate study, and omits compressional effects.
It follows that the parallel component of the perturbed magnetic field can be set to zero, and the perpendicular one can be described in terms of the parallel component of the vector potential, so that the magnetic field perturbation isB = [∇A × b] with b = B/B.
By linearizing the gyrokinetic equation in the limit of zero Larmor radius (although the FLR effects are insignificant for this problem, they can in principle be trivially recovered by applying the gyrokinetic averaging to the corresponding potentials) for both background species in the presence of a low-frequency electromagnetic wave (e.g., [10] ), one obtains
where δf s = f s − f 0s , with s = i, e, is the deviation of the distribution function from
indicates that the derivative is taken along the unperturbed motion,
with Φ the electrostatic potential, and index (1) points out that the derivation is made along the perturbations of the particle orbits in phase space due to the electromagnetic field,
and in derivation of these equations we used
To make the description self-consistent one needs to describe influence of the plasma on the electromagnetic fields. To this end, it is appropriate to use the quasineutrality equation,
where
dv dµ, and the parallel Ampere's law,
As is demonstrated in Ref. [8] , the left hand side of Eq. (5)
in case of small background pressure.
We are looking for the normal modes of the system,
with ψ the flux label. To obtain the eigenfunction equations governing the coefficients Φ mn and A mn , we first integrate Eq. (1) multiplied by q s over v and µ, and then add the resulting equations using Eqs. (4) and (5) . This procedure leads to
with v
, and A is expressed as A = 1 iω ∇ Ψ, which is basically the well-known vorticity equation in ideal MHD in the appropriate limit of low beta but for the term arising from particle drifts and the term proportional to the parallel electric field on the right hand side. In this equation we kept only one term which depends on ∇ (Φ − Ψ) and consequently describes the coupling with the parallel electric field. As we will see later, if one expresses this term in terms of Φ using an equation for the parallel electric field which we will derive shortly, it will result in a fourth-order radial derivative of Φ and thus will allow for the existence of discrete modes. In the same way, the other term depending on ∇ (Φ−Ψ) does not vanish only provided the parallel background plasma current is not zero, leads to the second radial derivative of Φ, and thus does not significantly alter the resulting modes. Henceforth we drop this term.
in the coordinate representation becomeŝ
where . To simplify this equation we note that the terms of order O( ) (with = max(a/R 0 , B , g )) lead to the coupling of a mode (m, n) to the modes with different poloidal and toroidal numbers, (m + µ, n + νN ). However, the mode we are interested in with the mode numbers (m, n) satisfying n/m ≈ ι has frequency much lower than the Alfvén continuum frequencies for the modes with other mode numbers. Besides that, we assume that the mode is local enough not to be affected by the other drift modes.
Consequently, we neglect the coupling to the modes with different mode numbers in Eq. (8) and take h B along with h ij g to be approximately unity everywhere in this equation but the expression for v ds where we keep the full form for h B because there remains a possibility that the mode is affected by the self-driven sideband response through the first term on the right hand of Eq. (8) . To compare this contribution with the contribution from the parallel electric field given by the second term of the right hand side of Eq. (8), we re-write Eq. (1) similarly to Refs. [11] and [12] as
with the second term in this expression representing the "sloshing" non-resonant part of the perturbed distribution function, which does not contribute to the resonant wave-particle interaction and thus to the mode growth. Hence, the corresponding contribution to the first term in Eq. (8) , where we introduced a new radial coordinate
, χ n = −(dn/dr)/n, and this operator acts only on the potentials Φ and Ψ.
In derivation of Eq. (9) we assumed (d arising due to a (µ, ν) harmonic in the spectrum of the magnetic field strength in Boozer coordinates,
and
where for each term we took just first non-vanishing terms in terms of , ω
Under Similarly to Ref. [12] , by using the ordering parameter (k ⊥ · v de )/ω 1, one can neglect the second terms on the left hand side of Eqs. (10) and (11) and correspondingly v de = 0 everywhere in these equations. Since no coupling will be considered, from this point on we will write these equations for the (m, n) harmonic, suppressing the (m, n) subscripts in the notations.
We proceed with separation of the rotational transform generated by the external magnetic coils ι ext as suggested in Ref. [17] , repeating briefly the arguments given in the reference. 
By writing the rotational transform as
the entire rotational transform is generated by the plasma current, and Φ = Ψ, Eq. (12) agrees with the well-known MHD counterpart for tokamaks (e.g., Eq. (33) in Ref. [12] ). The case with ν ι = 0 corresponds to a currentless stellarator.
To make the system self-consistent, one has also to obtain an equation for the parallel electric field. To this end we solve the Eq. (1), which yields
where ω * s = ω m * s . Further, we insert the distribution function perturbation from Eq. (13) into the quasineutrality equation (Eq. (4)), which results in
, and (12) and (14) describe normal modes in the system.
III. DRIFT-KINETIC ALFVÉN MODES
To see how the coupling between a shear Alfvén wave and a drift wave gives rise to a family of discrete drift-Alfvén modes we first note that such a mode should spatially reside close Following this procedure, one obtains 
Φ to Eq. (15). After
combining the resulting equations into one, we obtain 
, Eq. (16) acquires the form of
with the normalized independent variable y ≡ k/k ⊥ a, energy =δ )+y 2 (
The first four terms in Eq. (18) 
In practice, owing to the fact that the potential well for small values of y described by the second, the third, and the fourth terms in Eq. (18) is too shallow to contain a bounded state (this is a manifestation of the absence of discrete modes in the monotonous parts of the Alfvén continuum, i.e. far from its maxima and minima, in the framework of ideal MHD with the parallel electric field set to zero), bounded states with small energies are also caused mainly by the first term in Eq. (18) 
, and c = ∆ 1 
IV. NUMERICAL RESULTS
In order to verify the outcomes of the analytical analysis we investigate Eqs. (12) and (14) b n B n (r), where a n and b n are coefficients of the expansion and B n are splines of desired order (in this particular code we used splines of the fourth order). By substituting Φ and Ψ in this form in Eqs. (12) and (14) to find the roots of the characteristic equation [14, 16] .
As an example we use a plasma with parameters and profiles relevant to HSX, which is an operating optimized stellarator with low shear (Ref. [5] ). Recent experiments on this facility demonstrated an unstable mode with frequency in the lowest part of the Alfvénic spectrum in the presence of a heated electron component of the background plasma (e.g.,
Ref. [3] ), which makes this device an interesting system in context of the present study. The background magnetic field strength is chosen to be equal to B = 0.5 T , and the rotational
with ι 0 = 1.05 and ι 1 = 1.1. The appropriate mode has then n = 1 and m = 1. The particle density of the background plasma is taken to be
,n 1 = 0.01n 0 , s * = 0.3, and ∆ = 0.4, the background temperature chosen is T e (r) = const = 1.5 keV , and T i (r) = const = 20 eV (so that our assumption about cold ions is well satisfied). The background ion species were assumed to be deuterium.
The corresponding profiles for the Alfvén continuum, the electron diamagnetic frequency, and k v the , where v the = 2T e /m e , are shown in Fig. 1 . The basic parameters in Eq. (20) calculated from these profiles are r 0 /a = 0.64, ∆ 1 = 1.6, ∆ 2 = 1.6, and c = 0.28 − 0.12i.
As mentioned in Section III, the local analysis developed here assumes that ω rate is also peaked with respect to the radial number of a mode with the maximum growth rate close to the numerical value, but reached for l = 4 rather than l = 1 deduced from the numerical solutions (see Fig. 7 (left) ). Finally, applying the approximated formula given in Eqs. (21) and (22) with the corresponding F function plotted for the chosen parameters in 
one can obtain a good estimate for energy of the fundamental state 0 . Let us illustrate how this approach works for a case with m 1. Takingf in Eq. (18) asf ≈ 1 g, and thus
neglecting the terms proportional tog, U in Eq. (18) becomes
(1 + 10α)erfc(α 
